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(N ■ Abstract. This paper explores the relationship between non-Markovian fully coupled forward- 

' backward stochastic systems and path-dependent PDEs. The definition of classical solution for the 

' path-dependent PDE is given within the framework of functional Ito calculus. Under mild hypothe- 

O ' ses, we prove that the forward-backward stochastic system provides the unique classical solution to the 

■ path-dependent PDE. 
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ri ■ 1 Introduction 
"t^ • 

: 

^ I Linear Backward Stochastic Differential Equations (BSDEs) was introduced by Bismut yy. The 

'—'I existence and uniqueness theorem for nonlinear BSDEs was established by Pardoux and Peng [T3]. Then 

^-H ' Peng [14] and Pardoux and Peng [12J gave a relationship between Markovian forword-backward systems 

^ ' and systems of quasilinear parabolic PDEs, which generalized the classical Feynman-Kac formula. Peng 

l/^ ' |16) pointed out that for non-Markovian forword-backward systems, it was an open problem to find the 

' corresponding "PDE". 

' Recently in the framework of functional Ito calculus, a path-dependent PDE was introduced by Dupire 

■ [B] which shed light on this problem (for a recent account of this theory we refer the reader to [2], [5] 
' and ID). Inspired by Dupire's work, Peng and Wang [TB] obtained a nonlinear Feynman-Kac formula 

^ ■ for classical solutions of path-dependent PDEs in terms of non-Markovian BSDEs. Cosso [S] proved 

■ that, under some assumptions, the non-Markovian forword-backward system gives the unique continuous 
' viscosity solution to the path-dependent PDE. For the further development, the readers may refer to [T7] 



and 0. 

In this paper, we study the relationship between solutions of non-Markovian fully coupled forword- 
backward systems and classical solutions of path-dependent PDEs. More precisely, the non-Markovian 
forword-backward system is described by the following fully coupled forword-backward SDE: 
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(1.2) 

We first give the definition of classical solution, within the framework of functional Ito calculus, for the 
path-dependent PDE. Note that in our context, we use the terminology "classical solution" to distinguish 
it from "viscosity solution" in |T7], [7] and [S]. Then under mild hypotheses, we establish some estimates 
and regularity results for the solution of the above system with respect to paths. Finally, we show that 
the solution of (1.2) is related to the classical solution of the following path-dependent PDE 

Dtu{'jt,x) + Cu{-ft,x) +<r[Vj;D2u(7t,a;)cr(7t,a;, u(7t,x),w(7t,x))] -I- ^tr[Dz;,u{-ft,x)] 
= /i(7t,x,u(7f,a;),w(7f,x)), 

w(7f,a;) = V:cu{'jt,x)(T{jt,x,u{-ft,x),v{'jt,x)) + D^u{-ft,x), 
u{lT,x) ^ g{-iT,x), -1T<^^'\ 

where 

Cu ^ -tr[{aa'^){jt,x, u, v)Vxxu] + {b{-ft, x, u, v)Vxu). 

The paper is organized as follows: in section 2, we present some fundamental results on functional Ito 
calculus and FBSDE theory. We establish some estimates and regularity results for the solution of non- 
Markovian FBSDEs in section 3. Finally, in section 4, we give the relationship between non-Markovian 
fully coupled FBSDEs and path-dependent PDEs. 



2 Preliminaries 

2.1 Functional Ito calculus 

The following notations and tools are mainly from Dupirc [6 . Let T > be fixed. For each t e [0, T], 
we denote by At the set of cadlag M'^-valued functions on [0,i]. For each 7 G the value of 7 at time 
s G [0,T] is denoted by 7(3). Thus 7 — j{s)()<s<T is a cadlag process on [0,T] and its value at time s is 
7(5). The path of 7 up to time t is denoted by 74, i.e., 7f = 7(s)o<s<t £ At. We denote A = UtG[o t] ^t- 
For each 7t S A and a; S R'^ we denote by 7t(s) the value of 7t at s G [0, t] and 7f :— {jt{s)o<s<t,Jt{t)+x) 
which is also an element in At. 

Let I • I denote the norm in K*^. We now define a distance on A. For each < t,t < T and 7t, 7f G A, 
we denote 

||7t|| : = sup |7f(s)|, 
se[o,t] 

||7t-7t||:= sup |7f(sAt) -7t(s Af)|, 
se[o,tvt] 

doo{jt,li)-= sup \jt{sAt)~jt{sAt)\ + \t-t\. 

0<s<tVt 

It is obvious that At is a Banach space with respect to || • || and doo is not a norm. 

Definition 2.1. A function u : A ^ R is said to be A-continuous at 7t G A, if for any e > there 
exists S > such that for each 7t G A with (ioo(7t,7f) < ^, we have |M(7t) — ''^(7t)l < £■ u is said to be 
A-continuous if it is A-continuous at each 7t G A. 

Definition 2.2. Let u : A^M. and 7t G A &e given. If there exists p G R'', such that 

u{j'f) = u{jt) + {p, x) + o{\x\) as a; 0, x G M''. 
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Then we say that u is (vertically) differentiable at 74 and denote the gradient of Dxu(^t) = P- u is said 
to be vertically differentiable in A if D^ui^jt) exists for each "ft S A. We can similarly define the Hessian 
Dxxuilt)- It is an Ei{d)-valued function defined on A, where §((i) is the space of all d x d symmetric 
matrices. 

For each 7t G A we denote 

7i,sW = 7tWl[o,t)W +7tWl[t,s]W> r€ [0,s]. 

It is clear that jt^g £ A^. 

Definition 2.3. For a given 74 6 A if we have 

u{jt,s) = u{"ft) + a{s -t) + o{\s - t\) as s ^t, s > t, 

then we say that u^-jt) is (horizontally) differentiable in t at "ft and denote Dtu(-ft) = a. u is said to be 
horizontally differentiable in A if Dtu{"ft) exists for each "ft € A. 

Definition 2.4. Define C^^'^(A) as the set of function u := (M(7t))7tGA defined on A which are j times 
horizontally and k times vertically differentiable in A such that all these derivatives are A-continuous. 

The following Ito formula was firstly obtained by Dupire [6 and then generalized by Cont and Fournie 
0, [2 and H. 

Theorem 2.1 (Functional Ito's formula). Let (CI, {J-t)t£[o,T]T P) be a probability space, if X is a 
continuous semi-martingale and u is in C"'^'^(A), then for any t G [0,T), 

u{Xt)-u{X^)= j Dsu{Xs)ds+ f DMXs)dX{s) 

JQ Jo 

+ - / DxMXs)d{X){s) P-a.s. 
^ Jo 



2.2 Non-Markovian fully coupled FBSDEs 

Let n = C([0,r];M'') and P the Wiener measure on (r2,B(r2)). We denote hy W ^ {W{t)teio^T]) the 
cannonical Wiener process, with W(t,u!) = uj(t), t G [0,r], a; G f2. For any t G [0,r]. we denote by J^t 
the P-completion of a-(W{s), s G [0,t]). 

For any t G [0, T], we denote by L^{il, Ft\ M") the set of all square integrable J^f— measurable random 
variables, M^(0,r;R") the set of all R"-valued J't-adapted processes such that 

E [ I d{s) p ds < +00. 
Jo 

Let t G [0,T], "ft G A and x G R". We consider the following Non-Markovian forward-backward SDEs: 
+ J 6(H/7',X^"^(r),r'''^^(r),Z'^*^^(r))dr-|- J ^-^'^^W, r'''^^(r), Z'^'^^(r))dH/(r), 

Y'"-''{s) ^ g{W}\X^'-''{T))- h{W:^\X^"'-'{r),Y''"'-'{r),Z^"'-'{r))dr - Z''"'' {r)dW{r), (2.2) 
for every s G [t,T], P — a.s., where 

VF^'(s) := "f{s)Io<s<t + {Wis) - W{t) + "f{t))It<s<T- 
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We suppose that X{t) xlQ<r<u the processes X,Y,Z take values in M",M",M"^'^; b,h,<T and g take 
values in R" , R" , M" and R". (2.1) and (2.2) can be rewriten as: 

dX^'^'^'is) ^ biW2\X-^''^{s),Y-'*-^s),Z"''''''{s))ds + aiW2\X"''-^s),Y^ 
dyy^^^{s) = /i(Ty;sX'^"^(s),y'^'^^(s),Z'^*'^(s))ds + Z^*'^(s)dM^(s), 
X-^'^^it) = X, Y^'^'^iT) = giW^^X^'-'^iT)). 

For z e M"""*, we define \z\ = {tr{zz^)Y^^. For e M"^'*, e R"^'', 

{{z\z'))=tr{z\zY), 

and for = {x\y\z^) G M" x M" x R"^'*, = (x^y^^z^) g M" x M" x R""^'^. 

[u\u'] ^ {x\x^) + {y\y^) + {(z\z^)). 

For u = (x, y, z) G R" x R" x E"""^ and 7* G A'*, denote 

f{lt,u) = (/i(7t,u),6(7t,u),CT(7t,M)). 

We give the following assumptions: 

Assumption 2.1. For eac/i u G R" x R" x R"^^, f{-,u) G Af2(o,T;R" x R" x R"^^''), and for each 
X G R", g{',x) G i^(ri, J^t; K")/ ^/lere exists a constant ci > 0, such that 

/(7t,ui) „ f^^^^u^) |< ci I u^-u^ I, a.e.t G [0,T], 
V7f G A anrf G R" x R" x R"^'^,?/^ g R" x R" x R"^'^; 

and 

I g(7t,x^) -g(7t,a;2) |^ | - |, V7f G A and (a;\a;^) G R" x R". 

Assumption 2.2. There exists a constant C2>0, such that 

[fht,u')- fht,u^),u' -u^)]<-C2\u^ -u^ a.e.tG [0,T], 
V7t G A and G R" x R" x R"^'^,?/^ g R" x R" x R"^'^; 

and 

{g{jt,x^) - g{-ft,x^),x^ -x^) >c\\x^-x^ |, V7t G A and {x^ ,x^) G R" x R". 

Definition 2.5. A triple (X, F, Z).-[0, T] x R" x R" x R"^'^ is called an adapted solution of the 
Eqs.{2.1) and (2.2), if{X,Y,Z) G A/2(0,r;R" x R" x R"''"^), and it satisfies (2.1) and (2.2) P - a.s. 

Then we have the following theorem (Theorem 3.1 in [8J): 

Theorem 2.2. Let Assumptions 2.1 and 2.2 hold, then there exists a unique adapted solution {X,Y,Z) 
for Eqs. (2.1) and (2.2). 

For the theory of FBSDEs, the readers may refer to [TT], [U], [TJ] and the references in |10| . 

3 Regularity 

We first recall some notions in Pardoux and Peng [12J. C"(RP;R«), CJf{WP;W), C^{W;W) will 
denote respectively the set of functions of class C" from W into R'^, the set of those functions of class 
whose partial derivatives of order less than or equal to n are bounded, and the set of those functions of 
class Cp which, together with all their partial derivatives of order less than or equal to n, grow at most 
like a polynomial function of the variable x at infinity. 

We give the definition of derivatives in our context. 
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Definition 3.1. An -valued function 3(7, x) on At x is said to he in C'^''^{At x M"), if there exists 
the second order partial derivative of g in x and for each 7t,7-y» G At, t S [0,T], there exist pi € M.'^ and 
P2 G M'' X M'' such that p2 is symmetric and 



g is said to he in Cfup{AT) if g'-ytil) ^"74 (7) exist for each 7 € At, and there exists some constants 
C > and k >0 depending only on g such that for each 7, 7 G At, t,s G [0, T], 



with $ = g'^t{j),g"jt{'y)- Analogously, we can define C^iAt), Cfup{At), C/;.p(At), C;,;ip(At). 

Now we reconsider the solvability of equation (2.1) and (2.2). We use ^ to represent 6, cror h. 

Assumption 3.1. g S Cff^^{AT x R") with the Lipschitz constants C,k and the first order partial 
derivatives in x are hounded, as well as their derivatives of order one and two with respect to x.. 

Assumption 3.2. Let *(7t,.T,y,z) = ^{t,j{t),x,y,z), where * : [0,T] x R'^ x R" x R" x R"^'' ^ R". 
Suppose that {t,r,x,y,z) ^ ^{t,r,x,y,z) is of class C°'3([0,T] x R'' x R" x R" x R"^''; R") and the first 
order partial derivatives in r,x,y and z are hounded, as well as their derivatives of up to order two with 
repect to x,y,z. 

By Theorem 2.1, it is easy to see that under Assumptions 2.2, 3.1 and 3.2, the FBSDE (2.1) and (2.2) 
has a uniqueness solution. 

3.1 Regularity of the solution of FBSDEs 

We first fix x and assume that the Lipschitz constants with respect to ^ are C and k. Then we 
establish second order moment estimates for the solution of FBSDE (2.1) and (2.2). 

Lemma 3.1. Under Assumptions 2.2, 3.1 and 3.2, there exists C2 and q depending only on C,T,k,x 
such that 



't,x) = {pi,y) + -{P2y,y) + 0{\y\''), y € R'^ 



where = 7(r)/[o,t)(r) + (7(r) + y)Iyt^T\{r). We denote 



9'it{lt,x) ■.= pi,and fl'%(7t,a;) :=P2- 



|g(7)-,9(7)l<C(|l7ll'^ + ll7f) II 7-7 II, 

I *7.(7) - $7, (7) l< C{\\ 7 f + II 7 f )(l t - ^ I + II 7 - 7 II) 



E[ sup I X^--(s) |2] < C2{1+ II 7* r) 



se[t,T] 



E[ sup I FT*'-(s) |2] < C2(l+ II 7t II') 



se[t,T] 




Proof. For simplicity, we only study the case n = d = 1. 
Applying Ito's formula to {Y^t,x{s))'^e^^'^ yields that 

(yT"^(s))2e'3i'' + /J e'5i''[(ZT''=^(r))2 + /3i{Y'^^^%r))^]dr 
= g^{W}\X''*'''{T))e^^'^ - /J 2e'5i''r^*'^(r)/i(W7* , X^*'^(r), rT"^(r), ZT*'^(r))dr 
- /J 2e'^i''r^*'^(r)ZT*'^(r)dW^(r). 
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So 

26^51 ('"-'*)FT*'^(r)/i(W;7%XT*'^(r),FT*'^(r),ZT*'^(r))dr | j;]. 

Then we have 

< ^[52(W-^*,X'^*'^(r))e'5i(^-*)]+£;[/j^e'5i('--*)|-/i2(w-7t,XT'''^(r),FT'*'^W 
e/'^('^-*)^(y-'*'-(r))2d(r)] 

and 

Applying Ito's formula to {X'^*'^{s))'^ yields that 

(XT"^(S))2 

= x^+J'2X-y*'''{r)b{W;i*,X-y*'''{r),Y^*'''{r),Z-y*'''{r))dr + J'a'^{W;j',X-y*'^ 
+ // 2XT*'^(r)(7(W7*, XT*'^(r), yT*'^(r), ZT*'^(r))(iW"(r). 

By inequality 2ab < + 6^ and Burkholder-Davis-Gundy's inequality, there is a constant Co such that 

£;sup,<,<r(X^*'-(s))2 

< Co[a;2 +£;/^'^(XT*'^(s))2ds + £;/f 62(^7*, XT"^(s),yT"^(s),ZT*'^(s))ds (3.2) 
+E jf 0-2 (H7S XT* (s) , yT* (s) , ZT* (s))ds] . 

Applying Ito formula to XT*'^(s)Ft*'^(s), 

X7t.x(T)yT*'^(T) - XT*'^(f)yT*'^(t) 

= XT' (r ) XT* (r ) , y T"^ (r ) , ZT* '^^ (r ) ) rfr 

+ XT*'^(r)ZT*'^(r)(iW"(r) 

+ yT* (r ) 6( WT* , XT* (r ) , y T* (r ) , ZT* (r ) ) dr 
+ /,^ZT*^^(r)CT(W7*,XT*.=^(r),yT*.^(r),ZT*.=^(r))dr 
+ yT* (r)a ( WT* , XT* (r) , y T* (r) , ^t* (r) )(il^(r) . 

Set 

OT*.-(s) = 7t(s)/o<,<t + 0/t<,<T(s). 

We have 

(XT*'^(T) - OT'>=^(T))(.g(VK^',XT*'^(r)) -5(VK^',0T*'^(r))) 

+(XT''^(r) -OT*'^(T)).g(VK^',o) -XT*'^(t)yTt.=^(i) 

= /j^[(XT*'^(r) -OT*^^(r))(/i(W'T*,XT*.=^(r),yT*.=^(r),ZT*.^(r)) -/i(W7*,0T*'^(r),0T*.^(r),0T*>^(r))) 
+(XT*'^(r) - OT*'^(r))/i(WTt ^ oT*'^(r), OT*'^(r), OT*'^(r))]dr 

+ yT*'^(r)(7(WT* , XT*.^(r), yT*.^(r), ZT*.^(r))rfW(r) + /f XT*.^(r)ZT*.^(r)dW(r) 

+ /f [(yT*'^(r) - 0T*'^(r))(6(WT*,XT*'^(r),yT*'^(r),ZT*'^(r)) - 6(Wt*, OT*'^(r), OT*'^(r), OT*'^(r))) 

+(yT*^^(r) -0T*.^(r))6(W7t^0T'^^(r),0T*.^(r),0T*'^(r))]dr 

+ /j^[(ZT*'^(r) -0T'.=^(r))(CT(W7*,XT*^^(r),yT*'^(r),ZT*.=^(r)) -(7(W7*,0T*.^(r),0T*'^(r),0T*-^(r))) 
+{Z^*'='{r) - 0T'.^(r))cr(W7* , OT'.=^(r), OT'^^(r), OT''^(r))]dr. 

Then by the Assumption 2.1, for enough small £ > 0, 

(3.3) 



(C2 - £)£;{(XT*.-(r))2 +/^^[(XT*.-(r))2 + (yT*.-(r))2 + (ZT*.-(r))2]} 



< a + ^+/33y^*>-(t). 
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Taking /Si = 4(7^ + 1, and g = 2(1 + k), from (3.1), (3.3) and (3.2), (3.3), we derive (note that will 
change line by line) 

i;sup,<,<r(F^--(s))2 + [(Z^*'-(r))2 + (F^*.-(r))2]dr] 
< C7,(l+||7tr+f +/33l^^*'^(t)). 



We also have 



E sup (XT*'-(s))2 < Ce(l + ^+ II 7t r +/93F^""(t)). (3.5) 

t<s<T P3 



By (3.4) and (3.5), we have 



£;[sup,<,<^(y^--(.))2 + sup,<,<^(X^*.-(s))2] + [(^^--(r))^ + (y'^'.-(r))2]dr] 

< Ce(l+||7t +/33i"^""W)- 



Finally taking enough small, wc get the result. □ 

Now we study the regularity properties of the solution of FBSDE (2.1) and (2.2) with respect to the 
"parameter" For < .s < t < T, set ^''^(.s) = ^^"'^(s V t) and ZT*^^(s) = 0. 

Theorem 3.1. Under Assumptions 2.2, 3.2, 3.3, there exists C2 and q depending only on C,C2,x such 
that for any t,t G [0, T], 7t, 7*, and h,h gR\{0}. 

(i) 

E[ sup I F^--(u) - y^*-'-(u) f] < C2(l+ II 7t ir + II 7t- r)(ll 7* - 7t f + \t-i |), 
■ue[tvt,T] 

(M) 

E[ sup I XT--(«) - X^*-'-(w) |2] < C2(l+ II 7t r + II 7f r)(ll 7t - 7f II' + I * - ? I), 



ue[tvt,T] 



{Hi) 
(iv) 

{v) 

{vi) 

where 



E[ r I Z-^^'^iu) - Z^^^^iu) |2 du] < C2{1+ II 7* r + II 7t Ddl 7t " 7t IP + I * - ? I), 

i?[sup„^[,vf,T] I Aj,r^--(,i) - Aj^y^*-.-(7i) |2 



2 I 11 _ ;r,_ 112 



< C2(i+ II 7t ii« + II 7t r + 1 i« + 1 m\ h-h\^ + \\^t-iir + \t- 1 d, 

< C2(i+ II 7^ II" + II It r + \h\'' + \h m\ ft - |2 + II _ ||2 + 1 i _ 1 1), 



E[JI, I AiZ^^'-iu) - AiZ^^'-{u) |2 dn] 
< C2(l+ II 7t r + II 7* ||« + I /i I" + I /I |«))(| h-h\^ + \\^t-^if + \t- t I), 



A5,X''''^(s) = i(X''*''^^(s) - X'^'^^(.s)), 

Ai^y^*'^(s) = i(F^'°''^(s) - y'^*'^(s)), A»^Z^*'^(s) = i(ZT*''°''^(s) - ZT*'^(s)) 
and (ei, ■ • • , e^) is an orthonormal basis of R*^. 
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Proof. (XT*^^ - X^r-^, yT*>^ - y^t"'^, ZT*'^ - Z^*"'^) can be formed as a linearized FBSDE: for each 
s e [t, T] and t<t, 

XT''=^(s) -X^*"'^(s) 
= li KW?' , X-'f^^ (r) , y (r) , (r) )dr 

+ //CT(W7sy'^''^(r),X'^''^(r),Z^*'^(r)) -a(H7sX''f'^(r),r^f'^(r),Z^f'^(^^ 

+/37„7,-(0(^^"nr-) - F^*-.-(r)) + S^,,^,{Z^^'-{r) - Z^^*-'- {r))]dr 

-y^*"'^(r)) + (5^„^f (Z'>'*'^(r) - Z^'"'^(r))]rfW(r), 

and 

= g(W^%XT*'^(T)) -g(W^%X^f'="(T)) + /J[/i(W7S XT*'="(r), ^'''■^(r), Z'"'^(r)) 

+/3^„^,-(y''""(r) - y^r'^(r)) + 5^„^j(Z^*'^(r) - Z^*-'^(r))]dr + /J(Z'''"^(r) - Z^E'^(r))](il/F(r). 

Here 

a^^^^^,(r) = 6(VV7SX^*''^(r),y''*"''^(r),Z^'*"''Xr)) - ^(VK^f , X^*"'^(r), y^*"'^(r), Z^"^X^))> 

Piui-M = f {W?' , m^-'-{r) + 6{W^ (r) - U^^^-{r)))de, 
K,i-.{r) = Jo f f^^'-'^r-) + eiU-^^ir) - W---{r)))de, 

a^,,^,{r) = c7(W7sX^*"'^(r),F'^*"'^(r),Z'^*"'^(r)) - cr(W7sX'^f'^(r),y^*"'^(r),Z'^f'^(r)), 

^"7.,7*-M = /o ff(w^7s f^^*"'"W + ^(cz-^'M - W-^^-{r)))d9, 

Kntir) = /o if C/^'"'"(r) + e(C/^'(r) - [/^*-'-(r)))d0, 

^7.,7*-M - /o If c^^'^'^M + ^(c^^'M - 

d^^^^_(r) = /i(VK7sX^f^^(r),y^f'^(r),Z^'^^(r)) - /i(VF7s X^f'="(r), y^f'="(r), Z^f'^(r)), 

^7*,7*-(0 = /o i(W7S t^^'-'^r-) + e([/^*(r) - f/^'-'-(r)))rf^, 

/37*,7fW = Jo t^^'-'^r) + 6{W^{r) - m*-'-{r)))de, 

K,%-ir) = Jo + - U'^*-'-{r)))d6, 

where f/T"^ = (XT"^, F^*'^, Z^*'^). Under Assumptions 2.2, 3.2 and 3,3, using the similar methods 
as in Lemma 3.1, we get the first three inequalities. For the next three inequalities, we can write 
(Aj^XT*'^^, Aj^yT"^^, Aj^ZT"^) as the solution of the following linearized FBSDE: 

AlX^*'-(s) = (r) + 0^,,,,-., (r)AlX^*'-(r) + (r)Aly^*'-(r) + S^^^^^.., AlZ^--(r)]dr 

+ Jjh-y^,!.''^ + ^*,7*''- (OA',X^*'-(r) + (r)A',y'^--(r) + ~S^^^^^.., AiZ^--{r)]dW{r), 

Aly^--(s) = ligiW}^'' , X-rt" --(T)) - 5 W , XT--(T))) - [ W + ^^.^.'•e, (r)Aj,XT"-(r) 

Then the same calculus yields that 

E[ sup I Aj,y^--(s) |2 + sup I A^^X''"-(s) |2 + I r I Al^^*'- 1^ dr |] < ^2(1+ |1 7* 11" + I !')• 
se[t,T] se[t,T] 
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Notice that 



+^7*,7*''=^ (r)AlFT*,x(^) _ *^ (r)Aiy^f.-(r) + ~5^^ ,^u., ^^Z^^'-{r) - S (r)Ai Z^*-'-(r)]dW(r), 

7t i7t 7t )7t 

and 

= l{g{W:i^'\x^>'-{T))-g{W:j.\X'<^'-{T))) - i(5(X?'",X^>.-(T)) -g(iy^%x^*-.-(r))) 
(0 - i\___^^e. (r) + (r)A?,X'^-(r) - (r)A;^X^*--(r) 

+/3^^^^^.., (r)Aj,y^--(r) - (r)A^r^'-'-(r) + Aj^Z^''-(r) - (r)AiZ^*-.-(r)]dr} 

- /J(Ai.Z'^--(r) - AiZ^f-(r))dl^(r). 

Then 

:= (AJ,X^--(s) - A|X^--(s),A^y^--(s) - A|y^^.-(s),A^Z^--(s) - A|Z^--(^^ 

solves the FBSDE 

X{s) = J\o^^^^^..^ (r)X(r) + (r)F(r) + 5^^^^^.^, ^(r) + 6(r)]rfr 



i'(s) = \^{9{wf\x^>'%T))-g{W:i\X^--{T))) - l{g{wf\x<'''-{T))-g{W^\X^-^'^{T))) 

i-T 



where 



Kr) = (r) - /3_^__.., (r)]A|y^-(r) + (r) - (r)]Ai^X^-(r) 

^(-) = W - ^- .'^^^ (0] Akl^^-^(r) + (r) - /3 {r)]AlX^-^ir) 

'^(^) = [/^..^."e, (r) - /3 (r)]Aiy^'-'-(r) + /3^^_^^.e, (r) - /3 ... (r)]Ai,X^*-'-(r) 

Thus, under Assumption 2.2, 3.2 and 3.3, similarly as in Lemma 3.1, we can get the last three inequalities. 
□ 

Theorem 3.2. For each 7t € A, {y'*'^(s),s G [0, T],2; e R"^} has a version which is a.e. of class 
C0'2([0,T] X 



9 



Proof. In order to simplify the presentation, we only consider n = d = 1. Applying Lemma 3.1, then 

for each /i, /i e M \ {0} and k,k eM., 

£;[sup„e[,,^] I yi'-iu) - Y^h-{u) |2] < C2{1+ II 7* r) \k-~k\\ 

i?[sup„e[t.T] I X-f^^'^iu) - X-'i'^{u) p] < C2(l+ II It V) I fc - p, 
E[!t I Z-i^'-iu) - Z-^"'- |2 du] < 6-2(1+ II 7t r) \k-k\^ 

< C2(l+ II 7* ll'' + II 7f r + I I" + I |^))(| fc - fc p + I - 
iJ[sup,e[t,T] I A^X^^'-(u) - A^X'^* |2] 

< C2(l+ II 7t 11^ + II 7f r + I /i |« + I /i |''))(| k-k\^ + \h-h 
£;[| /f I AlZ^^-(n) - AiZT?.-(«) |2 du |] 

< C2(l+ II 7t 11" + II 7t P + \h\i + \h |9))(| /e-fc|2 + |/i-;i |2). 

By kolmogorov's criterion, there exists a continuous derivative of ^^''^{s) {X'^t'^{s)) with respect to z. 
There also exists a mean-square derivative of Z'^* '^(s) with respect to z, which is mean square continuous 
in z. We denote them by 

By Theorem 3.1 and Definition 3.1, (D^y*^*'^, D^X^*-^, D^Z'>^*'^) is the solution of the following FBSDE: 

= J^"[b'^^iW;i*,X'y''''{r),Y^'''-'{r),Z"''''-'{r)) +b'jW;i%X'y''''{r),Y'i''''{r),^ 

+ //[CT;^(W'7SX'^''^(r),r'^''^(r),Z^*'^(r)) +a;(W'7SX'^*'=^(r),r'^''^(r),Z^''=^(r))L»2X^^ 
+CT;(W7sX'^''^(r),r'^''^(r),Z''''^(r))i?^FT'*'^(r) +ai(1^7SX'^''^(r),r'''^ 

= g'^^{W^\X'r^^%T))+gUW^\X"'*-^{T))D,X'r^^-iT)-jJ[h'^^iW?%X'r^^ 
X'^''=^(r), r''''=^(r), Z'^*'=^(r))I)^X'^*'^(r) + /i;(VF7S ^-^''^M 
+h'^{W;i\X^*'^{r),Y-y''^{r),Z^*'''{r))D^Z^*'^{r)]dr - D^Z^*''^{r)dW{r). 
It is easy to check that the above FBSDE satisfies Assumptions 2.2, 3.2 and 3.3. Then the above FBSDE 
has a uniqueness solution. Thus, the existence of a continuous second order derivative of y'* (s) with 
respect to z can be proved in a similar way. □ 
Define 

ti(7t,x) :=y*'-(t), for 7* € A. 
We have the following results about u{-jt,x). 
Lemma 3.2. Vi < s < T, we have u(W7*, Xt*'^(s)) = Ft*'^(s). 

Proof. For given 7t,, h < t, set X{ti) = x. Consider the solution of FBSDE (2.1) and (2.2) on [t,T]: 

XT*i'^(s) = XT*i'^(t) +//6(w7'SFT*i.^(r),ZT*i'^(r))dr + // c7(W7*SXT*i'^(r),yT*i'^(r),.^T*i'^(r))dW(r), 
y7*i.^(s) = 5(W^*i,XT*i.^(T)) - /J/i(W7'SXT*i'^(r),FT'i'^(r),ZT*i'^(r))dr - Z^*i'^{r)dW{r), s e [t,T]. 

For simplicity, set 

^ = XT*i'^(i). 
Then we need to prove u(W7*SC) = l^^'^ '""(*). Define 

e := ^UaX, 
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where {A,}^^^ is a division of Tt, xl (E Ai (1 A, i ^ 1,2, N . For any i, {X<'''' {s),Y<''''^ {s),Y<'''\s)) 
is the solution of the following FBSDE: 

X^l'^'(s) = a' + b{xl,X<''''{r),Y<^''\r),Z='i{r))dr + a{xl, X<'''\r), (r), Z<'''\r))dW{r), 

(s) = g{W^\ X^'''' (T)) ~ jj h{xl, X^'t''"' {r),Y''>\r), Z'^'t'''' {r))dr - /J Z^t'*^' (r)dVF(r), s e [t, 

Multiplying by Ia^ and adding the corresponding terms, we obtain: 

N N s N N N N 

i=l i=l "^^ i=l i=l i=l i=l 

„s N N N N 

^ t ■ 1 - 1 - 1 - 1 



z— 1 i—1 i—1 i—1 



N N , N rT ^ 



i=l 1=1 i=l ^ 1=1 

„T JV JV N N 

s ■ 1 - 1 - 1 - 1 



i—1 i—1 i—1 i—1 

So 

AT AT AT 

x^'^^{s)^^Ia^x<'''\s), r'^'^^(s) ^E-^^.^""' ^^Ia^Z^^"''\s) 

i—1 i—1 i—1 

is the solution of the above FBSDE. By the definition of u, we get 

N,-,t N N 

i=l i=l 

For the general case, following the method in Peng and Wang [TB] (Lemma 4.3), we choose a simple 
adapted process such that E \\ ^l — 1^7'^ II convergence to as i — > oo. Using the same procedure 

for f , we obtain 

E I Y^i'^'it) - Y^' '' p< CE[\\ -i\ - W^*' II + I f - ^ I] 

and 

E I ui^ic) - u{w;''\o P< CE[\\ - w^'- II + 1 r - e i]- 

This completes the proof. □ 

By Theorem 3.1, 3.2 and the definition of Dupire's vertical derivative, we have the following corollary. 

Corollary 3.1. Dzu{'^t,x) and Dzzu{'^tiX) exist. Moreover, u{jt,x), Dzu{jt,x) and Dzzu{'yt,x) are 
A-continuous. 

Proof. By Theorem 3.2 we know that Dzu{'^t,x) and Dzzu{'yt,x) exist. In the following, we only prove 
ii(7t,x) is A-continuous. The proof for the continuous property of Dzuljt, x) and Dzzuljn x) is similar. 
Taking expectation on both sides of equation (2.2), 

u{jt,x) ^ Eg{W}' ,X^'^^{T)) - E [ h{W;i\ X^"'' ir),Y^'^^ (r), Z^'^^ {r))dr. 
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For ^t,lt ^ t >t, we have 
I u{lt,x) - u{^t,x) I 

< E[\ 5(1¥^',X'^*^^(T)) -.9(H/^f,X^r'^(T)) \] + E[j' | /i(T^7S XT*'=^(r), y^*'=^(r), Z-^'-^W) | dr] 
+E[ff I /i(W7SX'''(r),y^''="(r),ZT''="(r)) - /i(W7s X^f'^(r), r^f'^(r), Z^f '^(r)) | dr] 

< E[C,{l+\\W^^r + \\W;^r)\\^t~lt\\ 

+Ht~t)Hlti\ HW'ir), 0,0,0) |2 + I CXT"^(r) ^ + | CZT*^^(r) ^ + | Cr^'>^(r) \^)dr)^ 
+C (I ^^''^"'(r) - X^f'^(r) I + I y^^'^M - y^f'^(r) | + | ZT''^(r) - Z^f'^(r) l)dr]. 

By Theorem 3.1, for some constant Ci dependhig only in C, k,x and T, 

I u(7t,x) - u{t„x) |< Ci(1+ II 7t f + II 7t f )(ll lt~Tt\\ + \t-t\h 

This completes the proof. □ 

Using similar methods in this section, we can also prove that there exists the second order partial 
derivative of u in x. Finally, we have u £ C"'^'^(A x M"). 

3.2 Path regularity of process Z 

In Pardoux and Peng [T^], BSDE is only state-dependent, i.e., h = h{t,j{t),y,z) and g = g{-y{T)). 
Under appropriate assumptions, Y and Z are related in the following sense: 

Z^'(s) = VMs,lt{t) + Wis) - Wit)), P - a.s. 

Peng and Wang [18] extends this result to the path-dependent case. The corresponding BSDE is 

y^is) = giw:^')- hiW:^\Y^'ir),Z^'ir))dr - Z^' (r)dW^(r), se[t,T]. 

where W^' = /s<t7t(s) + It<s<Tiltit) + Wis) — Wit)). Then under some assumptions, they obtained 

Z''*^^(s) = D^W]*), P - a.s. 
In this paper, we generalize it to the Non-Markovian fully coupled FBSDE case. 

Theorem 3.3. Under Assumptions 2.2, 3.2 and 3.3, for each jt £ A, the process iZ'^*'^is))s^[t^x] ^0,^ « 
continuous version with the form, 

Z^*'^(s) = aiW]\X^'^''is),Y^'-''is),Z-^'^'-'is))V^uiW2\X-^'-'-'is)) + D^.uiW^^X^'-'-'is)), P - a.s. 
To prove the above Theorem, we need the following lemma essentially from Pardoux and Peng |12| . 
Lemma 3.3. Let 74 and some t G [t, T] be given. Suppose that 

gil, z) = fijit), 7(T) - 7(t), z), 
where ip is in Cp(IR^'' x K™; K™). For (/) = b,a and h, suppose that 

(j>ijt,x,y,z) = (f>iis,jsis),x,y,z)I[o^t)is) + (f>2is,jsit),jsis) - 'jsit),x,y, z)I[iT]is), 
where (^1, 02 G C^'^ . Then for each s G 
Z''*'^(s) = aiW^\X^''^is),Y"''-^s),Z-^'''''is))yMW2\X-^'-''is)) + D,uiW;'\X"<'-^s)), P - a.s. 
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Proof. We only consider one dimentional case. For s G [t, T], the FBSDE (2.1) and (2.2) can be rewritten 

as 

X^--(7i) ^ x + /;62(r,7,(i),W^^=(r) -7.(i),^^-"(r),F^='"(r),Z^--(r))dr 

+ /;a2(r,7,(t),W^^=(r)-7,(i),X^-"(r),rT-"(r),Z^--(r))dW^(r), u e [s,T], 

- f^h2{r,Js{t),W^^{r)-jsi.t),X^^'-{r),Y^^'-ir),Z''^'^r))dr- /J Z^--(r)dW^(r), ue[s,T]. 

For s G [t,t\, 

XT-^(u) = x + /"6i(r,VF^=(r),X^-^(r),F''-^(r),Z^-^(r))dr 

+ /"o-i(r,VF^-'(r),X''-^(r),y^-="(r),Z''-="(r))dVF(r), w G [s,fl, 



yT-^(u) = (^(VF'^=(t), w^T=(r) - VF'^=(t),x^-^(r)) 

- /J /i2 (r, (i) , 11/''= (r) - VFT- (t) , X''-^ (r) , F (r) , Z^-^ (r))dr - /J (r)dVF(r) , u G [i , T] , 
yT-^(M) = yT-^(f)-/^/ii(r,VF''=(F),X''-="(r),r''-^(r),Z^-^(r))dr-/^Z^-^(r)dVF(r), li G [s,f]. 

Now consider the following quasilinear parabolic differential equations, which is defined on [f, T] x and 
parameterized by x G M, 

VsU2(s, X, y, z) + CU2{S, X, y, z) + V z^yU2&2{s, X, y, Z, U2, W2) + \'^yyU2 

= h2{s, X, y, z, U2, VyU2(s, x, y)d-2{s, x, y, z, U2, W2)), 

V2{s, X, y, z)) = Vz-U2(s, y, z)ct2(s, x, y, z, U2, W2) + ^vU2, 

U2{T,x,y,z) = (p{x,y,z). 

where C = ^trlVz^ + 1)2^ z- The other one is defined on [t, t] x M, 

VsUi(s,X, z) + Cui{s, X, z) + Vz'^xUlfflis, X, Z,Ui,Vi) + ^VxxUl 
= hi{s, X, Z, Ml, VzUiO-i(s, X, Z, Ui,Vi)), 
vi{s,x,z) = VzUi5-i(s,X, Z, + VxUl, 

Ui{t, X, z) = M2(i, X, 0, z). 

where £ = \alV zz + ^iV^. Following Theorem 3.1 , 3.2 of Paroux-Peng p^, we have U2 G C'^-'^{[i,T] x 
M2;M), Ml G C^-''^{[t,t\ X R;R) and 

u(7s,z) = ui{s,js{s),z)I[tj-){s) +U2{s,js{t),js{s) - 7^ (<) , z)^, T] («) ■ 
By Ito formula and the uniqueness theorem of BSDE, 

yTt,^(s) ^ wi(s,H/'''(s),XT"'^(s)), t<s<t, 

rTt,^(s) ^ W2(s,H/'''(F),H/'''(s) - W^'''(r),XT"'^(s)), t<s<T, 

ZT''-(s) = V,Mi(s, VK^'(s))ai(s,W^^'(s),X^"-(s),Mi,ZT''-(s)) + V,ui, t < s < t , 

^'''■^(s) = V^U2(s,H/'''(i),VFT"(s) - VF''*(i),X'^*^^(s)) 

•(72(S,M^^*(S),VKT=(S) - W^T=(i)),^^""(s),U2,^^'^"(s)) + VxW2, t<S<T. 

Finally, for each s G 

Z-^'-^s) = aiW2\X-^'-''{s),Y-^*'^is), Z"''-'={s))VMW:'\X"<'''%s)) + DzuiW^^X-^'^^is)), P - a.s. 
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In particular, we have 

This completes the proof. □ 

Now we give the proof of Theorem 3.3. 
Proof. For each fixed t e [0, T] and positive integer n, we introduce a mapping 7" (7s, x) : Ag As, 

7"(%)(r) = Ur)Im + KZlls{tl+i A s)/[,j^,](r) + 7, (r), ,s £ [0,7], 

where = t + k = 0,1, . . . ,n. Note that "if represents b, a or h. Define 

5"(7,a;) := ff(7"(7)), ^"'{%,x,y,z) := ^{j''{%,x),x,y, z). 

For each n, there exists some functions ipn defined on At x K"^'' and tpn defined on [t, T] x At x M"^'' x 

5"(7,a;)= ^n(7t,7(t?)-7W,-- - ,7{tZ) - j{t'^-i),x), 
*"(7s, a;, y, 2;) = ^„(s, 7t, 7s(ty A s) - 7s(i), • • • , 7s(i" As) - 7a(t"-i A s), a;, y, 2;). 

Indeed, we can set 

'fn{lt,xi, ■■■ ,Xn,x) := g{{jt{s)I[o,t){s) + Sfc^ia;fc/[t^_^ ,t J) (s) + a;„/{T} (s))o<s<T, 2:) , 
fn{l't,xi,--- ,Xn,x) := (f>n(.lt,lt+xi,^t{t) +a;i +a;2,-- - ,7t(i) +T.'^^-^Xi,x). 

Then by Assumptions 3.2 and 3.3, we obtain that ^Pn{ltiXi, ■ ■ ■ , Xn, x) is a Cp-function of Xi, • • • , a;„ for 
each fixed 7t. In particular, for each 7 S A, 

y.^MitMti) - lit), ■ ■ ■ - 7(t;:-i),a;) = {ri7),x). 

For any i > 7t S At, consider the following BSDEs: 

J s J s 

we denote 

«"(7t,x):=y"'^*-(*), 7t-GA. 
Following the argument as in Lemma 3.3, for each s G [t,T], we obtain 

z"'^*-(s) = (T"(w-7sx"'^''(s),y"'^*(.s),z"'^*(s))v^i/"(W'7^ p-o.s. 

Let Co be a constant depends only on C, T and k, x, which allowed to change from line by line. Following 
the similar calculus as in Lemma 3.1 and Theorem 3.1, we get 

I w"(7t,a;) - u{^t,x) \ 

< CoE[\ g'^iW}', X^*"'^(r)) - g{W^', X^^^^(r)) | 

< Coii+\\Ttr)i^+\\riii)-ii\\)- 

and 

I i?.n"(7t,x) - DMlt,x) \< Co{l+ II 7t- f II 7"(7t) - 7* II), 

I D,,u^{jt,x) - D^Mlux) \< Co(l+ II 7t f )(4+ II 7"(7t) -7t ID- 

n4 
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Since 

< Colim„i?[sup,g[,.j,] I (1+ II W]^ r + II II 7"W) - W^;* II) 

< Colim„(l+ II Tt f )(^+ II 7"(7t) - Tt II) = 

and lim„£;[| | - |2 |5] = 0, we have 

This completes the proof. □ 

4 The related path-dependent partial differential equation 

In this section, we relate FBSDE (2.1), (2.2) to the following path-dependent partial differential 
equation: 

Dtu{'-ft,x) + Cu{-/t,x) +tr[S/^D:,u{'yt,x)a{-jt,x,u{jt,x),v{jt,x))] + ^tr[D;,;,u{-yt, x)] 

= h{'yt,x,u{jt,x),v{jt,x)), ^^^^ 

y{lt,x) = \7xu{'yt,x)a{'yt,x,u{'yt,x),v{'yt,x)) + D^u{-ft,x), 

u{-yT,x) = g{-yT,x), 7t G A", 

where V is the gradient operator and 

Cu = ^tr[{aa'^){'yt,x,u,v)Va;xu] + (6(7t,a;,u,w)Vxw). 

Theorem 4.1. Suppose Assumptions 2.2, 3.2 and 3.3 hold. Ifu belongs to C^'^'^(A x M) and {u,v) is the 
solution of equation (4.1) such that {u,v) is uniformly Lipschitz continuous and bounded by C(l + |a;|+ || 
7t ID, then we have u{fi,x) = r''*'^(t), for each (7*, a;) e A x M, where (XTf^(s), FT*'^(s), ZT*'^(s))t<s<T 
is the unique solution of FBSDE (2.1), (2.2). 

Proof. By the assumptions of this theorem, we know that 6(7t, x, u{'^fx), v{'yt,x)) and cr(7t, x, u(7t, x),v{'yt 
is uniformly Lipschtiz continuous. Then the following SDE has a uniqueness solution. 

rfXT*'^(s) = 6(H7sXT*'^(s),u(W7*,XT*'^(s)),'y(W7sXT*'^(s)))ds 

+£7(W7' , XT*'^(s), u(W7' , XT*'^(s)), w(W7* , XT*'^(s)))dW(s), 
X{t)= X, se[t,T]. 

Set 

(y(s),Z(s)) = {u{W^\X^^'%s)),v{W^%X^*'^is))), t<s<T. 

We have 

dXT"^(s) = b(W^\ X^*''=is),Y{s), Z{s))ds + a(W^\ X'^''''{s),Y{s), Z{s))dWis), 
X{t)= X, sG[t,T]. 

Note that u solves equation (4.1). Applying Functional ltd formula to Y{s) = u{W2\ X^*'^ (s)) , we get 

dY{s) = h{W2* , X'y'^''{s),Y{s), Z{s))dr + Z{s)dW{s), 
Y{T)= g{W:i\X'^*'-{T)) s&[t,T]. 

Thus, by the uniqueness and existence theorem of the FBSDE (Theorem 2.2), we have the result. □ 
Now we prove the converse to the about result. 
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Theorem 4.2. Under Assumptions 2.2, 3.2 and 3.3, the function u{"ft,x) = Y'^'^'^{t) is the unique 
Ci'2'2(A X W"')-solution of the path- dependent PDE (4.1). 

Proof. We only study the one dimensional case. By Corollary 3.1, u G C"'^'^(A). Let (5 > be such that 
t + 5 <T . By Lemma 3.2, we get 

Hence 

7/(7t,t+5, x) - u{-it, x) = u{^tA+8, x) - u{W^l„ X-^^'^it + 5)) + m(T4^7;„ + S)) - u{^t,x). 

Similarly as the proof of Theorem 3.3, we obtain 

u{-ft,t+s, x) - u{W^^s^X^''-{t + S)) 
= lim™[u"(7M+5,a:) + 

Following Lemma 3.1 and Theorem 3.2 of Pardoux and Peng |12 and Theorem 4.4 of Peng and Wang 
|18) . we deduce that 

u^{-1t,t+5,x)-u^(W^l,,X'<^^-{t + 5)) 

i:>^V:rw"(W7sx^*'^(s))cr"(W7',x'^''^(s),yT''^(s),ZT"^^(s))ds 

Thus, by the dominated convergence theorem, 

u{-it,t+s,x) - u{'^t,x) 
= -J*+'DMW7',X^^'-{s))dW{s) D,MW7\X'r^^-{s))ds 

i:>3V:ru(i^?,^''*^'^(s))cr(VF7*,xT''^(s),y'^''^(s),z'^*'^(s))ds (4.2) 

-Jt^^ Va;M(Ty;^*,X'^''^(s))cr(iy7SX'^*^^(s),rT'''^(s),Z'''^^(s))dl^(s) 

+ Jt^^ h{W2',X-<*'^{s),Y''^-''{s),Z''^^^{s))ds + //+'^ Z'^*^^(s)dPF(s) +lim„^ooC", 

where 

rt+5 nt+S 

C"= y D,u'\^t,s,x)ds- 
Since u^^jt.x) € C'^'^p{A x M), by Lemma 3.3 we get 

I Z?,zi"(7t,.,x) |< c(|| 7m - W^s''"" II + I X-'^'-{s)~x\) 

for some constant c only depending on C, T, 74 and fc. Hence 

|C"|<c^( sup I W^'^*(s)-7t(0 | + |X^""(s)-a;|). 
se[t,t+<5] 

Taking expectation on both sides of (4.2), we have 
imid^o J 

= -Cu{-it,x) - {\7xD^u{jt,x)a{jt,x,u{jt,x),v{'-ft,x)) + ^Dx^u{-yt,x)) + h{'jt,x,u{'-ft,x),v{jt,x)), 
where 

vijtjx) = Vxu{jt,x)a{'jt,x,u{jt,x),v{jt,x)) + D^u{--ft,x). 
Thus, u{jt,x) e C^'^^^j-^ X E) satisfies the equation (4.1). □ 
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